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SUMMARY

For comparing the validity of rating methods, the adjusted k (S coefficient) and Yule’s Y index are
better than Cohen’s x which is affected by marginal probabilities. We consider a validity study in
which a subject is assessed as exposed or not-exposed by two competing rating methods and the gold
standard. We are interested in one of the methods, which is closer in agreement with the gold standard.
We present statistical methods taking correlations into account for comparing the validity of the rating
methods using S coefficient and ¥ index. We show how the S coefficient and Yule’s Y index are related
to sensitivity and specificity. In comparing the two rating methods, the preference is clear when the
inference is the same for both S and Y. If the inference using S differs from that using Y, then it is not
obvious how to decide a preference. This may occur when one rating method is better than the other
in sensitivity but not in specificity. Numerical examples for comparing asbestos-exposure assessment
methods are illustrated. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Cohen’s x [1] has been commonly applied in the evaluation of interrater agreement. Interval
estimation of Cohen’s x agreement has been studied by various authors, e.g. Fleiss et al.
[2], Fleiss and Cicchetti [3], and Hale and Fleiss [4]. Despite its popularity, there has been
criticism of the x statistic. A number of authors have pointed out paradoxes associated with
the effect of marginal proportions, e.g. References [5,6]. The k is affected in complex ways
by the bias between raters and by prevalence. For a resolution of these paradoxes, Byrt et al.
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[7] and Lantz and Nebenzahl [8] suggested the prevalence-adjusted, bias-adjusted x, which is
identical to the S coefficient [9, 10], and the G index of agreement [11]. It is also equivalent to
the random error coefficient of agreement [12] and can be expressed as the difference between
concordant and discordant rates. Another coefficient often used in the evaluation of agreement
is the odds ratio. It is less dependent on marginals. Some authors, e.g. Spitznagel and Helzer
[13] favoured Yule’s index [14], i.e. the coefficient of colligation Y, which is based on the
odds ratio.

We compare two correlated adjusted x statistics and also two correlated Yule’s Y’s. For
example, suppose that each subject is rated by three methods: two inexpensive and quick
methods and the gold standard, which is very expensive and time consuming. We are interested
in comparing the agreement between one inexpensive method and the gold standard versus
that between the other inexpensive method and the gold standard to determine which of the
inexpensive methods is preferable in terms of agreement with the gold standard. Statistical
methods for the comparison using the adjusted agreement and Yule’s Y have not been fully
investigated.

In this paper, we review Cohen’s x, S coefficient of adjusted agreement and Yule’s Y
index. We examine their relations, and provide interval estimation of the adjusted agreement.
In Section 3, we present the homogeneity test for correlated S statistics and interval estimation
of the difference between two S coefficients. We also provide interval estimation of a ratio
of odds ratios related to a comparison of Yule’s Y where the odds ratios are correlated. We
investigate relations of the coefficient of adjusted agreement, S, and Y index with sensitiv-
ity and specificity. Sections 4 and 5 contain numerical examples based on actual data and
concluding remarks.

2. ADJUSTED AGREEMENT AND YULE’S Y INDEX

Consider the case where two raters classified each of N subjects according to whether an
event is present (1) or absent (0). The N pairs of rating by raters 4 and G can be divided
into four categories: (1,1), (1,0), (0,1), and (0,0). The outcome of N pairs of ratings and
corresponding probabilities can be expressed in Table I.

2.1. Adjusted agreement

Let P, and P, denote the observed proportions of agreement and the proportion of agree-
ment expected by chance. Note that P, and P. are estimates of the corresponding © values.

Table I. Observation and probabilities of raters 4 and G.

Observations Probability model
Rater G Rater G
Rater 4 1 0 Sum Rater A 1 0 Sum
1 a b mi 1 T 1o Tle
0 c d mo 0 o1 oo Toe
Sum n no N Sum Tel Tle0 1
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COMPARISON OF VALIDITY OF ASSESSMENT METHODS

Cohen [1] introduced the x coefficient as
K=(Py,—P)/(1 =P)=1—-(1—-Py)/(1 —P,)

where P, =(a+d)/N and P.=(min, +mong)/N?. Byrt et al. [7] defined the bias index (BI)
and prevalence index (PI) as follows: BI is the difference in the proportion of positive for the
two raters, i.e. Bl=(b—c¢)/N, and PI is the difference between the proportion of positive and
the proportion of negative, i.e. PI=(a — d)/N. To adjust k for the difference in prevalence
and for bias between two raters, b and ¢ are replaced by their average, (b + ¢)/2, and also a
and d by their average, (a + d)/2. The K statistic based on the adjusted 2 x 2 table has been
called the prevalence-adjusted, bias-adjusted x, i.e.

s (a+d 1 1\
= (5 -2)/ (1-3) =

(e.g. Reference [7]) which is the estimated S coefficient [9] and random error coefficient [12].
It has been suggested as a reference standard for comparisons [8] and also called as Guilford’s
G index [11]. We refer to S=2(n;; + mp) — 1 as the adjusted x or adjusted agreement

throughout this paper. The adjusted «, S, is a special case of Pe:% in Cohen’s k. It is the

difference between concordant and discordant proportions: § = {a+d —(b+c)}/N =2(P, — .

We can show that $># when Pe>% and § <& when P, < % Suppose that matched samples
are divided into either concordant or discordant pairs and NP, is a binomial variable with
parameters N and m where =7, + mgo. The variance of S is var(S)=1 — S? and a simple

interval estimate of S is

S+z,,e(l -8 (1)

where z,, is the 100(1 — o/2) percentile point of the standard normal distribution. Using
Wilson’s score-like procedure [15], the improved confidence limits for a small sample size
are

S=[S+{S? — (1 +22,)(8* = 22} V{(1 +22,)} 2)

The signs — or + are corresponding to the lower or upper limits. Consider that both marginals
are fixed in Table 1. The S statistic is rewritten as S=2(2a + ny — m;)/N — 1. Since the
variance of a can be expressed as var(a)=o? where o> :N/(ZI.I:O Z,l':o m; ) [16], we have

var(S) = (4/N)262. A simple 100%(1 — o) confidence interval for S is
§:|:4OZ“/200°/N (3)

where 6 =(1/a+1/b+1/c+1/d)~". For a small sample size, internal estimation of S using the
score method may improve the accuracy for a confidence coefficient. The interval is obtained
by solving the following equation with respect to m;, i.e.:

(S — 8)*/var(S) =22, 4)

where §'=2(m1 + 7o — %), T10 = T1e — Ti1, Mol = Te1 — T11, and 7go =1 —7y; — M9 — o1. TWo
permissible roots of equation (4) with respect to 7, are found numerically by an iterative
procedure (Appendix A) and the limits of the interval for S follow. Since the variance of S
under a multinomial model is smaller than that under a binomial model (Appendix B), we
expect that the width of the interval estimation by (3) is shorter than that by (1).

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)
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2.2. Yule’s index Y

The x and S statistics range from —1 to 1, with their null values as 0, while the OR ranges
from 0 to oo, with its null value as 1. It is desirable that a measure based on OR has the
same range as the x or S so that the competing measure could easily be related back to these
indices of agreement. Yule’s coefficient of colligation is defined as ¥ = (/"2 — 1)/(¥/'? + 1)
where W =1, moo/(m10 o1 ). The estimator of Yule’s coefficient is ¥ = {(ad)"? — (bc)'2}/
{(ad)'? 4 (bc)"?} where —1 <Y <1. Cohen’s « statistic is always smaller than ¥ (Appendix
C). The estimated variance of Y is var(Y)=(1 — Y2)62/16 where 2=
(1/a+1/b+1/c+1/d)~!, e.g. Reference [17]. The odds ratio based on the adjusted 2 x 2 table
is OR ={(a+d)/2}*/{(b+c)/2}. Thus, Yule’s Y statistic for the adjusted 2 x 2 table is ¥ =
{a+d —(b+c)}/N =2P, — 1 which is S. Cohen’s k, S and Y statistics are the same in the
perfectly balanced 2 x 2 table. Since ¥ =1—2/(OR"?>+1), Yule’s Y statistic is monotonically
increasing with respect to OR. Therefore, interval estimation of Y is also obtained by applying
that of the odds ratio, e.g. using those of Woolf [18], Cornfield [19], Gart and Thomas [20].

The § statistic is based on an additive model involving four cell frequencies in the arithmetic
scale, i.e. S=(a+d —b—c)/N, while the logarithm of OR is based on an additive model for
logarithmically transformed cell frequencies in the 2 x 2 tables, i.e. In(OR) = In(a) + In(d) —
In(b) — In(c). The S and OR are conceptually similar but they are different in scales. The OR
is sensitive to small frequencies of discordant pairs, » and ¢, and it is undefined when one
of them is zero.

3. COMPARISON OF VALIDITY OF RATERS

In this paper, the term validity refers to agreement between the true state and the designating
fallible rater. Suppose that each of N subjects is rated by methods 4, B, and G where G is
the gold standard. Results of ratings are summarized in Table II. The subscripts 1 and 0 could
indicate exposed and not-exposed, or perhaps, positive and negative. Table I is a special case

Table II. Observation and probability of three rating
methods (G: gold standard).

Rating method

A B G Observed number  Probabilities
1 1 1 X111 11

1 0 1 X101 101

0 1 1 Xo11 To11

0 0 1 X001 o1

1 1 0 X110 7110

1 0 0 X100 100

0 1 0 X010 010

0 0 0 X000 000
Sum N 1

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)



COMPARISON OF VALIDITY OF ASSESSMENT METHODS

of Table II. We are interested in comparing agreement between 4 and G with that between
B and G, i.e. the validity of 4 and B.

3.1. Comparison of two adjusted K’s

Let a dot in subscripts denote the sum over 0 and 1, e.g. 71e1 =101 + 7111. Also, S; and S,
denote the coefficient of adjusted agreement for 4 and G and that for B and G, respectively,
i.e. 8] =2(m1e1 +7pe0)— 1 and S =2(7e11 +7eg0)— 1, and A will denote the difference between
them, i.e. A=S8] — S, =2(m101 — To11 + To10 — Ti00) Where —1 <A< 1. The estimated value of
A is A =2(x101 —Xo11 +X010 —X100)/N, and its variance is var(A)=4{(min +ZT011 ~+ Tto10 + T100)
— (101 — To11 + Tor0 — T100)* }/N (Appendix D). Thus, the standard error of A may be written
as SE(A)=2{(x101 +Xo11 +Xo10 +*100) — (X101 —Xo11 +Xo10 —X100)2/N }V2/N, and an approximate
100%(1 — ) confidence interval for A is

A +z,, e SE(A) (5)

When A= O 7'6101 — To11 = 100 — To10 OF Tio1 + To10 = T100 + To11- The variance of A under
A=0is {VEII'(A)}() = 8T/N where T = (7'6101 + To11 + 100 + 7'[()1())/2 Since {Var(A)}o = 8T/N

/\

where 7' = (x101 + Xo11 + Xo10 + X100)/(2N), a statistic for testing A =0 against A = 0 at level
o is

X2 = (x101 — X011 + Xo10 — *100)*/(X101 -+ Xo11 + X010 + X100) (6)

We reject A =0 against A # 0 at a when X*>>y{, and do not reject otherwise. The yi, is
the 100(1 — o) percentile point of the y? distribution with one degree of freedom. The test
statistic (6) can be considered as an extension of McNemar test [21] to two 2 x 2 tables.
It is a summary statistic for detecting a difference between 4 and B in both sensitivity and
specificity.

3.2. Comparison of two Yule’s Y statistics

Denote Yule’s coefficient of colligation for 4 and G and that for B and G as Y; and Y>, and
denote a difference between them as D=1Y; — 2(1#1/2 1/2)/{(1ﬂ1/2 + 1)(1#1/2 +1)}. Note
that Y1>Y, as Yy =y and V1 <Y, as iy <¢2, or vice versa. Since Y1 =Y, leads to Yy =y or
Inyy = Inys, consider a difference between two log odds ratios, i.e. R= In(OR;) — In(OR;)
where OR;| = X141X0e0/(X100%001) and OR; =Xe11%e00/(Xe10%e01). Using the delta method, the
asymptotic variance of R can be expressed as

Z {an.k n Z o/k 2(T1 15 ook — T10k 01k ) e ek H/N 7

var(R) =
k=0 T1ekT0ek o1k Tl e0k

(Appendix E). The third term on the inside of the second bracket is a measure of association
for 4 and B, which is similar to the ¢-coefficient. If there is no association for 4 and B, then
this term is zero for k=0 and 1. The Wald-type 100%(1 — «) confidence interval for R is

R+ z,, e SE(R) (8)

where {SE(I?)}2 is the asymptotic variance of R, (7), evaluated at Tk =Xijk /N, Tiek =Xiek/N,
and e =Xejx/N for i,j,k=0,1. For extreme cases, x;os =0 and x,j =0 are replaced by

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)
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Xiok = 1/(2N) and x.5 =1/(2N), respectively, so that the interval (8) is defined. Note that
R=Inyys —Inyp, and R=0 leads to Yy =y, (or Y1 =1Y,) and vice versa. Grizzle et al. [22]
presented a general approach to the analysis of categorical data by linear models. Under the
framework of their approach with the proper constraint on parameters for a given problem,
we can also derive the test statistic for comparing two adjusted x’s and Wald-type confidence
interval for comparing Yule’s Y indices.

3.3. Relations of S and Y indices with sensitivity and specificity

In assessment on validity of raters 4 and B, sensitivity and specificity are two useful mea-
sures. Since the rater G is the gold standard, the estimated sensitivity and specificity of rater
A as SEN, =Xlel/Xee1 and SPEC, =X0e0/Xee0 and those for rater B are SEN, =Xe11/Xee1, and
SPEC, =xXe00/Xee0. The S coefficient and Yule’s Y are expressed as S;=
2(p  SEN;+q e SPEC;)—1 where p=n;/N and g=no/N=1-—p and Y;=(SEN,+SPEC;—1)/
[(SEN;  SPEC;)"2+{(1—SEN;)(1—-SPEC;)}!?]? for i =1 and 2. Both coefficients are mono-
tone increasing functions of sensitivity and specificity. S is a sum of weighted sensitivity
and specificity where weights are proportions of the positive and negative ratings by the
gold standard. Y is some combination of sensitivity and specificity. The adjusted x, S, and
Yule’s Y are global indices of agreement and useful in overall assessment on validity of
A and B. The difference between the S coefficient for 4 and G and that for B and G is
S — S, =2{p ¢ (SEN; — SEN;) + ¢(SPEC; — SPEC;)} where p and ¢ >0, and that between

Yule’s Y’s is proportional to (lp]‘/z - n//zl/ ?). Therefore, we have
Si>(<)S, when pe(SEN, — SEN,) + g e (SPEC, — SPEC,)>(<)0 9)
and
SEN; SPEC, SEN, SPEC,
> >
N>(<Y; when (1 —SEN,) (1 —SPEC1> /(<)<1 —SEN2> (1 —SPECZ) (10)

If both sensitivity and specificity of 4 are greater than those of B, then the adjusted agreement
S and the Yule’s Y for 4 and G are also greater than those for B and G from (9) and (10),
respectively. Similarly, if both sensitivity and specificity of 4 are smaller than those of B, then
the S and Y coefficients for 4 and G are also smaller than those for B and G. However, when
rater 4 has a higher sensitivity but a lower specificity than rater B, or vice versa, results using
S and Y indices may or may not be consistent. In this situation, it is difficult to determine
preference between 4 and B unless the relative importance of sensitivity and specificity are
given. Note that prevalence is involved in (9) but not directly in (10).

4. EXAMPLES

In a case—control study investigating the association between the asbestos-exposure and meso-
thelioma, the primary data come from interviews of the next-of-kin for patients with mesothe-
lioma and for controls who died of other causes, excluding cancer, respiratory disease, suicide,
and violence [23]. Three modes of exposure assessment were compared: the next-of-kin’s
response to a direct question regarding the asbestos-exposure of the subject, an assessment
by a job-exposure matrix that relates specific jobs to exposure levels based on the National

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)
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Occupational Hazard Survey (NOHS) [24], and an exposure assessment based on review of the
work histories by an occupational hygienist (expert). For these examples, we considered the
assessment of the expert as the ‘gold standard’ which is expensive and time consuming. The
observed asbestos-exposure ratings for 208 mesothelioma cases and 533 controls by the three
exposure assessment methods are shown in Table III [25]. For each subject, the three asbestos-
exposure assessment methods were applied. Statistical analyses are summarized in Tables IV
and V. For cases, the x agreement for next-of-kin respondent and expert exposure assessment

Table III. Observation of asbestos—exposure by three
assessment methods.

Exposed (1) or unexposed (0)

Respondent NOHS Expert Number observed
A B G Cases Controls
1 1 1 69 36
1 0 1 47 14
0 1 1 22 82
0 0 1 28 113
1 1 0 0 4
1 0 0 1 3
0 1 0 7 39
0 0 0 34 242
Total 208 533

Table IV. Agreement measured by x, adjusted kappa S and Yule’s Y.

Cases Controls

Joint exposure categories 4,6) (B,G) 4,G6) (B,G)

1 1 116 91 50 118

0 1 50 75 195 127

1 0 1 7 7 43

0 0 41 35 281 245
Total 208 208 533 533
Rate of agreement expected by chance 0.54 0.48 0.53 0.52

K 0.47 0.24 0.19 0.34
(95% C.I.)* (0.39,0.58) (0.14,0.30) (0.14,0.22) (0.27,0.41)
Adjusted kappa S 0.51 0.21 0.24 0.36
(95% C.I1)° (0.47,0.55) (0.13,0.30) (0.21,0.28) (0.29,0.43)
Yule’s Y 0.81 0.42 0.52 0.39
(95% C.I.) (0.43,0.89) (0.22,0.57) (0.35,0.64) (0.30,0.47)
Sensitivity 0.70 0.55 0.20 0.48
Specificity 0.98 0.83 0.98 0.85

295 per cent C.I. [4].
95 per cent C.I. by (3).

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)
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Table V. Agreement for respondent and expert versus agreement for NOHS and expert
(comparison of respondent and NOHS in validity).

Cases Controls
Respondent NOHS Expert =1 Expert =0 Expert =1 Expert =0
1 1 69 0 36 4
0 1 22 7 82 39
1 0 47 1 14 3
0 0 28 34 113 242
Total 166 42 245 288
A* =0 versus A #0 X?=1248 (p=0.0004) X?=742 (p=0.006)
AP 0.298 —0.120
(95% C.L) (0.138,0.458) (—0.204, —0.036)
R 2.752 4.999
(95% C.L) (0.518,4.997) (4.163,5.835)

fA=S1 — 8 where —1<A<LI.
bA S1 — S, where —1 <A<, .
= In(OR;) — In(OR;) where —oco <R <o0.

methods (£, =0.47) is two-fold stronger than that for the NOHS and expert (ky = 0.24). When
the x statistics are adjusted, the former (S} =0.51) is even stronger than the latter (S, =0.21)
and their difference is highly significant (X? =12.46, p<0.001) using (6). The 95 per cent
confidence interval for the difference between the two adjusted x’s (0.138,0.458) by (5), does
not contain zero. Similarly, Yule’s index for respondent and expert (¥ =0.81) is almost two
times greater than that of NOHS and expert (¥ =0.42), and the 95 per cent confidence interval
for R, (0.52,4.99) by (8), does not cover zero. Both sensitivity and specificity of exposure
assessment by respondent (0.70 and 0.98) are significantly higher than those by NOHS (0.55
and 0.83) using McNemar test. It is clearly demonstrated that the respondent method is better
than NOHS in exposure assessment for cases.

For controls, the S statistic for respondent and expert (S;=0.24) is smaller than that for
NOHS and expert (S, =0.36) and the difference between §; and S, is highly significant
(X2 =742, p=0.006) by (6), and the 95 per cent confidence interval for A=S; — S, is
(—0.20,—0.04) by (5). The upper limit of the interval is smaller than zero. However, the
odds ratio for respondent and expert is nearly twice greater than the odds ratio for NOHS and
expert, and the corresponding Y values are ¥, =0.52 and Y, =0.39, respectively, and the 95
per cent confidence interval for R is (4.16,5.84) by (8) and the lower limit is greater than
zero. The preference of the NOHS method over respondent based on the adjusted agreement,
S, is reversed when Yule’s Y is applied. Results using S and Y coefficients are inconsis-
tent for controls. In this example, the NOHS method provides a higher sensitivity than the
respondent method (0.48 versus 0.20) but the former gives a lower specificity (0.85 versus
0.96). Both methods have very good specificity. However, the respondent method has very
poor sensitivity. Overall, the NOHS method is better balanced and more sensible than the
respondent for the controls. The sensitivity of the next-of-kin respondents for controls (20
per cent) is dramatically lower than that for cases (70 per cent). It is apparent that time
dulled the memories of the respondents for controls far more than for cases.

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)
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The proportions of agreement expected by chance ranged from 0.48 to 0.54. Since they are
close to P.=0.5, the values of k are not greatly different from those of S coefficient. In this
section, we illustrated two possible situations: a typical case where inference on comparing
validity of assessment methods using S and that using Y are consistent, and an atypical
situation where they are not consistent.

5. REMARKS

Cohen’s x is a popular index of agreement due to its simplicity and wide applicability.
It is an overall measure of agreement and does not make a distinction among sources of
disagreement. Since the value of Cohen’s k is influenced by both the prevalence and the
presence of bias between raters, we may caution against its use for comparing raters in the
strength of agreement when the marginal frequencies for x statistics are quite different. It may
be difficult to maintain consistent labels corresponding the values of x statistics, e.g. labelling
the ranges of x statistics, <0, 0-0.20, 0.21-0.40, 0.41-0.60, 0.61-0.80, and 0.81-1.00 as
poor, slight, fair, moderate, substantial, and almost perfect [26].

In the simultaneous comparison of both sensitivity and specificity of two binary diagnostic
or screening tests, the equality of two test methods in sensitivity and specificity can be
examined by the sum of two independent McNemar’s statistics, e.g. Reference [27]. The
hypothesis space is two-dimensional and the test statistic is a y*> with two degrees of freedom.
However, rejection of the null hypothesis does not lead to a preference of one rating method
over the other. It may be desirable to combine sensitivity and specificity so that it is possible us
to make inference in the one-dimensional hypothesis. If the relative importance of sensitivity
and specificity are given for a specific study, we can compare rating methods using a weighed
mean of sensitivity and specificity where the weights are related to both the prevalence and
the relative importance of sensitivity and specificity. When the sensitivity and specificity are
equally important, the weighted mean is the same as the S coefficient. We recall that the
statistic for testing the equality of two S statistics is a y> with one degree of freedom (form
(6), Section 3.1) while that by Lachenbruch and Lynch is a y?> with two degrees of freedom.
The adjusted x and Yule’s Y index are conceptually similar and differ in scale. Both indices
are reasonable measures, which combine sensitivity and specificity. It is difficult to make a
judgment about the superiority of one index over the other. We suggest use of both indices
in comparing assessment methods for validity. If the inference on comparing validity of two
rating methods using adjusted x and that using Yule’s index are consistent, then it strengthens
the conclusion. If they are not consistent, then it is also important to report the inconsistency
and examine the characteristics of the rating methods.

In this paper, we considered two rating methods with the gold standard for each of N
subjects and a comparison of validity of the rating methods. An alternative design might have
N subjects rated by both rating method I and the gold standard as well as another N subjects
rated by both the rating method II and the gold standard. However, such a design is inefficient
and a wasteful use of the expensive gold standard. We suggest against this design in studies
comparing the validity of rating methods. The design in Section 3 can be extended to the
case of more than two rating methods with the gold standard and pairwise comparisons of
validity of the rating methods.

In Section 3, we considered that one of three rating methods is the gold standard. However,
in some agreement studies or diagnostic tests, it is impossible to know the true status or

Copyright © 2006 John Wiley & Sons, Ltd. Statist. Med. (in press)
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there is no the gold standard. For these cases, the statistical methods for comparing rating
methods in Sections 3.1 and 3.2 can also be applied by replacing the gold standard with the
reference standard, which is considered as more accurate than the other two methods. When
there is no gold standard, it is inappropriate to use such terminologies as validity, sensitivity
and specificity. We may evaluate statistical comparisons using the S coefficient of adjusted
agreement and Yule’s Y index together with the positive and negative predictive values.

APPENDIX A: INTERVAL ESTIMATION OF THE S COEFFICIENT
BY THE SCORE METHOD

Rewrite (4) as
(S —8) —z2, evar(S)=0 (A1)

where var(S)=(4/N )62, o>=N/U, U= Z,LOZ,LO n;l, T =T1e, —Ti1, Tol =Tel — T,
Too =711 + 1 — T1e — Te1, S=4m1 + 1 — 2(71e + 7e1) and §:2Po — 1. Using an approach
similar to that of Cornfield [19] and Hale and Fleiss [4], we can obtain the limits of a
(1 — o) confidence interval for S by finding 7;; which satisfies the equation from (Al), i.e.
F=(S—-S)?U - 425/2/N =0, using an iterative procedure, e.g. Newton—Ralphson’s algorithm
[28]. Denoting ¥ = (1/n%, — 1/n3, — 1/n3, + 1/13,) and 7\} as a trial value, the first iterated
value of 7y, is 7\) = 7'9 — F(2()/F' (7)) where F/(7{)) = —[(S—$){8U+(S-S)V'}]
The procedure is repeated until the iterated values converge. Thus, the lower and upper lim-
its of an interval estimation of S are found by the relation of S=4n;; + 1 —2 (716 + Te1)
corresponding to the lower and upper limits for ;.

0) .«
M=y

APPENDIX B: var($)<var(S),

From Section 2, the variances of S under multinomial and binomial models are expressed as

Var(S')—i 4
- N \Umyy + 1meo + 1/mi0 + 1/m01

and
Var(ﬁ)b =4n(l — n)/N where ©=m, + 7go
Since
1 1 1 1 (TC]] — 7'500)2 1 1 1 1 (7T10 — Tlo1 )2
4 <7'E11 + T[()()) T 47T117'C007'C 0 and 4 o + 01 1—m 471107'[01(1 — TC) 0
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a summation of the two inequalities yields

1 1 1 1 1 1 1
(+++>>+ (B1)
4 T oo T o1 Y 1-=

The inverse of both sides of (B1) alters the direction of the inequality sign so 4/(77:;1 +n&)1 +
o + moel) <m(1 — m) which leads to var(S) <var(S).

APPENDIX C: RELATIONSHIP BETWEEN ESTIMATED YULE’S Y AND x STATISTIC

Since ¥ ={(ad)"* — (bc)"*}/{(ad)"* + (bc)"?} and 13:2(ad — bc)/(myng + mon;) where
m=a+b, my=c+d, n=a+c, and ngp=>b + d, the x statistic can be expressed as
k=2{(ad)"? + (be)'*}2Y [(ming + mony ) or kJY =2{(ad)"* + (bc)"2Y2/(mng + men,). Since
ming + mon; — 2{(aa’)1/2 +(bc) 2} = {(ab)"? — (cd)'?}* + {(ac)'? — (bd)'?}* + (b — ¢)* >0,
we have £/Y <1 or k<7.

APPENDIX D: VARIANCE OF A
The variance of A:2(x101 — Xo11 — X100 + Xo10)/N 1is written as

A !
var(A) =4 | >~ {var(xior) + var(xoir) — 2 cov(xXiox, Xo1x )} — 2{cov(x101,X100) — cOV(Xo11,X100)
=0

— cov(X101,X010) + COV(xon,xom)}} /N2
Since var(x;jx ) = Nmyjx(1 — m ) and cov(xj, Xijir ) = — Nmypmye for k # k' and i, j,k, k' =0, 1,
a straightforward algebra yields

var(A) =4{(m101 + 711 + 7100 + To10) — (T101 — To11 — Tio0 + Tor0)* }/N

APPENDIX E: VARIANCE OF R WHERE R= Iny, — Inyj,

Define R = Iny, —Iny, where Yy and y», are the odds ratio for 4 and G and that for B and G,
respectively. Consider the estimator of R as R= In tﬁl —In xﬁz where l/?l and lﬁz are correlated.
Applying a series expansion of R with respect to x;x for i,j,k=0.1, the asymptotic variance
of R is expressed as

2

i=0;=0%k axljk

A 2 ~
5 OR L Ld OR
var(R) = ZZZM( : ) — ZZZ”’”‘( )
)C,/k—NT[,,A X,,A—Nn,,k
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We can show that the sum of terms inside of the second bracket of the above equation is
zero. After straightforward algebraic operations, the variance of R can be written as

A 1 1 1 2(T 1k o0k — T10kT014 )T
var(R)= |2 Zn,-’.HZn.’,-,i— (7114 Took 10k 0014 ) o ek N
k=0 | i=0 j=0 T1ekT00k a1k TLa0k
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